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Multiple Eigenvalues Arising from a Class
of Repetitive Substructures

Gexue Ren,¤ Zhaochang Zheng,² and Jiangang Cheng³

Tsinghua University, 100084 Beijing, People’s Republic of China

The dynamicsubstructure methodin state space was employedto study eigenvalueproblemsfor structures with a

class of repetitive substructures, which share a common interface. The block properties of the resulting synthesized
system matrices are discussed. A very interesting result on multiple eigenvalues of the considered structures was

obtained: each ® xed interface eigenvalue of the single repetitive substructure appeared as at least (n ¡ ®) multiple
eigenvalues of the whole structure, where n is the number of repetitive substructures; ® is a number depending

on the azimuth distributions of the repetitive substructures. It takes at most nine, and it takes three in the special
cases when the repetitive substructures are oriented by rotation around a ® xed axis. The mode shapes associated

with the (n ¡ ®) multiple eigenvalues were obtained and the nondefectiveness of the obtained multiple eigenvalues
is discussed. Physical explanation and numerical examples were also attempted and are given.

Nomenclature
C r = damping matrix of the r th substructure,symmetric
f r = external force vector exerted on the r th substructure
Åf r = internal force vector exerted on the interface of the r th

substructure
Gr = gyroscopic matrix of the r th substructure, skew symmetric
i = indication of internal variables for substructure
j = indication of interface variables for substructure
K r = stiffness matrix of the r th substructure, semipositive

de® nite
M r = mass matrix of the r th substructure,positive de® nite
mr

i = internal degree of freedom of the r th substructure
mr

j = interface degree of freedom of the r th substructure
mr

s = number of retained Jordan blocks for the r th substructure
N = degree of freedom of the whole structure with the ® nite

element method discretization
sr = real or complex numbers used as factors of the ® xed

interface mode of r th substructure in constructing the
modes for the whole structure

T r = transformation between the interface coordinates in local
coordinate system of the r th substructure and the global
interface coordinates system

ÅT r = transformation matrix between the local coordinate system
of the r th substructureand the global displacement system

x r = nodal displacementvector for the r th substructure
yh = state vector of the common interface in global coordinate

system
f r = third Euler angles used for describing the azimuth of the

r th substructure
h r = ® rst Euler angle used for describing the azimuth of the r th

substructure
n r = second Euler angle used for describing the azimuth of the

r th substructure
} r

c = constraint mode matrix of the r th substructure,2mr
i £ 2mr

j

} r
s = right principal mode matrix of the r th substructure with

interface being ® xed
Å} r
s = left principal mode matrix of the r th substructurewith

interface being ® xed
( ¢ )r = variable related to/of the r th substructure
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Introduction

I T is well known that symmetry of structures may lead to multi-
ple eigenvalues; for example, a beam with section and boundary

conditions isotropic in two orthogonal directions would result in
a series of two multiple eigenvalues. However, in practical test or
numerical solutions, close eigenvalues instead of multiple eigen-
values are usually obtained because of the approximate nature of
the symmetry being represented by ® nite precision ¯ oating point
numbers and manufacturing precision and being solved by test or
numerical solutionmethods. It is not easy to tell whether the closely
distributed eigenvalues are close eigenvalues of the original sys-
tem or multiple eigenvalues themselves.The properties of invariant
subspaces associated with multiple eigenvalues make things more
unfavorable to the extractingof multiple eigenvalues. In theoretical
arithmetic,the secondmultiplicityofmultiple eigenvaluescannotbe
obtainedbeforea breakdownof the Lanczos process, irrespectiveof
which start vectors are used.1 However, in ® nite precisioncomputa-
tion, the breakdown rarely happens even for a system with multiple
eigenvalues,2 and as a compensation, multiple eigenvalues come
out multiplicity by multiplicityas close eigenvalues.That is why an
inappropriate stop of the Lanczos process would result in missing
eigenvalues.Therefore it is of practical importance to use a missing
eigenvalue check for missing eigenvalues, especially for structures
with multiple eigenvalues. In the case of nonsymmetric eigenvalue
problems, such as those encountered in damped structures, the mul-
tiple eigenvaluesto be solved may be defective. In fact, numerically
ascertaining the Jordan structure for defective eigenvalues is very
dif® cult for practical eigenvalueproblems.2 In general, the study of
the arising mechanismof multiple eigenvaluesand the development
of effective numerical methods for structures with multiple eigen-
valuesare very important for understandingdynamic characteristics
of structures.

The dynamic substructure method or the component mode syn-
thesismethodhas experiencedconsiderabledevelopment,and these
concepts have been included in modern texts3±5 (also see review in
Ref. 6). In applying the dynamic substructure method, a structure
is ® rst divided into substructuresusually according to its geometric
characteristics,such as symmetry, repetition,etc.; as a result, the as-
sembled system matrices by the dynamic substructuremethod have
apparent block structures, and the block structures are mappings of
topology of substructures in the structure. By taking into account
the geometric characteristics of structures, not only can repetitive
substructure analyses be omitted but also the geometric topology
of the original structure can be retained in the reduced system with
the generalized coordinates. The retaining of geometric topology
usually retains the eigenstructureof the original system along with
the reduced coordinates.
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The reason for this research was that in computing the gyro-
scopic eigenvalue problem of a rotating rotary wing system with
four blades, clusters of four close eigenvalues were obtained by
numerical methods, and there was no way to tell whether the
clustered eigenvalues were multiple eigenvalues or close eigen-
values themselves. Based on the gyroscopic mode synthesis tech-
nique developed by Zheng and Wu,7 it was found that there
should be (n ¡ 3) multiple eigenvalues in each cluster, where
n is the number of blades in the rotary wing model.8 Further
studies show that a class of more general repetitive substruc-
tures possesses multiple eigenvalues due to the repetition of its
substructures.

Dynamic Substructure Method for Structures
with a Class of Repetitive Substructures

Structures with repetitive substructures are ubiquitous in engi-
neering. One class of such structures has repetitive substructures
that share a common interface and all of the repetitive substruc-
tures are mounted on the rest of the structure through the interface,
such as the rotary wing model shown in Fig. 1, the antenna struc-
ture shown in Fig. 2, and the man-made fountain models, which are
very common in modern cities, as shown in Fig. 3. For analyses of
structures with repetitive substructures, it is often expedient to use
dynamic substructure methods. Denoting the n repetitive substruc-
tures, respectively,as the ® rst, second, . . . , and the nth substructure
and the rest of the structure as the (n + 1)th substructure, gener-
ally, the equation of motion for the r th substructure can be written
as

M r Èxr
+ (Gr

+ C r ) Çxr
+ K r xr

= f r
+ Åf r (r = 1, . . . , n + 1)

(1a)

The resulting equations of motion of damped rotating structures
such as the rotary wing system may take the form of Eq. (1a), due
to the presence of Coriolis forces in the rotating coordinate system.
Equation (1a) can also be used for nonrotating,undampedstructures
with the vanishing of the gyroscopicmatrix Gr and/or the damping
matrix C r .

Fig. 1 Rotary wing model.

Fig. 2 Antenna model.

Fig. 3 Man-made
fountain model.

For applying the dynamic substructuremethod, Eq. (1a) was par-
titioned according to the internal and interface coordinates, i.e.,
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To avoid treating the resulting quadratic eigenvalue problem for
Eq. (1b), Eq. (1b) can be transformed into its state-space form7:

[ Ar
ii Ar

i j

Ar
ji Ar

j j
]{ Çyr

i

Çyr
j
} + [ Br

i i Br
i j

Br
j i Br

j j
] {yr

i

yr
j
} = {F r

i

F r
i
} + { 0

ÅF r
j
} (2)

where

Ar
kl = [ (Gr

kl + Cr
kl

) M r
kl

¡ M r
kl 0

] , Br
kl = [ K r

kl

M r
kl
]

yr
k = {xr

k

Çxr
k
}, Fr

k = { f r
k

0 }
ÅF r
k = { Åf r

k

0 } (k, l = i, j )

As a generalization of the ® xed interface method in state space,
the following transformationsbetween state variables and the gen-
eralized coordinates Åyr for the r th substructure are introduced:

{yr
i

yr
j
} = [ } r

s } r
c

0 I ] {qr

yr
j
} = W Åyr (r = 1, . . . , n + 1) (3)

where
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]
and where } r

s and Å} r
s can be obtained by the following substruc-

ture analysis. With the interface being ® xed, Br
ii is usually positive

de® nite. Doing the Cholesky decomposition of Br
ii ,

Br
ii = Lr

B
(Lr

B
)T

(4)



REN, ZHENG, AND CHENG 357

The eigensolutionof (Lr
B ) ¡ 1 Ar
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where K r is a principal submatrix of the Jordan form of
(Lr

B ) ¡ 1 Ar
ii (L r

B ) ¡ T , with the Jordan blocks
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being ordered from lower to higher frequencies.
De® ning } r

s = (Lr
B ) ¡ T X r

ii and Å} r
s = (X r

i i ) ¡
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B) ¡ 1, we have
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and
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Substituting Eq. (3) into Eq. (2) and premultiplying it with ( ÅW r )T ,
we have

ÅT r
= é
êë

cos n r cos f r ¡ sin n r cos h r sin f r sin n r cos f r + cos n r cos h r sin f r sin h r sin f r
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ù úû
(11)

ÅAr Ç Åy
r

+ ÅBr Åyr = ÅFr + ÄF r
j (r = 1, . . . , n + 1) (9)
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Other dynamic substructure methods in physical space can also

be generalized into state-space form. The adoption of the ® xed in-
terface method proves itself appropriate for the class of repetitive
substructures that possess a common interface, as will be shown in
the following sections.

The synthesizedglobal equation for the structurecan be obtained
by enforcing the compatibility and equilibrium conditions on the
common interface of the substructures, i.e.,
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j = T 2 y2

j = ¢ ¢ ¢ = T n yn
j = T n + 1 yn + 1

j = yh (9a)

n + 1
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T r ÃF r
j = 0 (9b)

The resulting synthesized global equation is

ÄA Ç Äy + ÄB Äy = ÄF (10)
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As a coordinatetransformationmatrix, ÅT r can be expressed in terms
of Euler angles without loss of generality, i.e.,

Obviously, the synthesized system matrices ÄA and ÄB possess block
properties,which are determined by the way in which the structure
is partitionedinto substructuresand the dynamic substructurebeing
used. Usually, symmetry and repetition of the original structure are
taken into consideration in the partitioning. Hence the geometric
characteristics of the original structure are generally embedded in
the block structure of the synthesized system matrices. The block
structure of the synthesized system matrices carries an important
character; i.e., it remains invariant irrespective of how many ® xed
interface modes are retained for the substructures. This character
demonstratesthat the geometricpropertiesof the originalsystemare
retained along with the generalized coordinates in the synthesized
system, though the degrees of freedom (DOFs) of the system may
be reduced.With the blockpropertiesof the synthesizedsystem ma-
trices by dynamic substructure method, it is possible to discuss the
qualitative properties of the dynamic characteristics of the system.
The conclusion in the next section was obtained by following this
idea.

Result on Multiple Eigenvalues Arising
from the Repetitive Substructures

Theorem 1: For a structurehaving n repetitive substructureswith
a common interface, with the repetitive substructures mounted on
the rest of the structurethroughthe common interface,then 1) corre-
spondingto every ® xed interfacemodeof the repetitivesubstructure,
the whole structurehas (n ¡ a ) independentmode shapes,which are
combinationsof the mode of the repetitivesubstructure,where a is a
number dependingon the azimuth distributionof the repetitivesub-
structures. It takes three for the case of the repetitive substructures
oriented by rotations around a ® xed axis, and it takes at most nine
for arbitrary azimuth distributions of the repetitive substructures.
2) Each eigenvalue of the repetitive substructure with the interface
® xed is at least (n ¡ a ) multiple eigenvaluesof the whole structure,
and a is determined as in 1).
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With the help of the block structure of the synthesized system
matrices, a constructive proof was carried out, in which the mode
shapes of the whole structure correspondingto the (n ¡ a ) multiple
eigenvalues were obtained explicitly as combinations of the ® xed
interface modes of the repetitive substructures.

Proof: The eigenvalueproblem correspondingto Eq. (10) can be
written as

( ÄA + l ÄB) Äy = 0 (12)

Adopting full principal modes in transformation (3), the character-
istic equation(12) becomesan equivalentof the eigenvalueproblem
for the whole structure. For a trial number l , the available number
of independentsolutions Äy to the homogeneousequation (12) would
be the least multiplicity of l to be an eigenvalue of the system.

1) Suppose Äqk is a ® xed interfacemode of the repetitive substruc-
ture. Now try the eigenvalue k k correspondingto Äqk as l in Eq. (12).
Equation (12) takes the following form:
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Because of the n repetitions of the substructure, the blocks in
Eq. (13),

( k k I r
+ K r ), ( ÅAr
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are virtually the same for r = 1, . . . , n. With this in mind, we seek
the solution Äy of Eq. (12) in the following form:
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ìïïïïï
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ý
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(14)

where the blocks in Äy are partitioned to be compatible with the
blocks in Eq. (12). Substitute Äy into Eq. (12), and the ® rst (n + 1)
block equations of Eq. (12) are automatically satis® ed by recalling
the de® nition of Äy. The last block equation of Eq. (12) would be
satis® ed if

n

Sr = 1

sr T r
= 0 (15)

From the expression of T r and ÅT r , f s1, . . . , sn g should satisfy at
most nine independent scalar equations to satisfy matrix equation
(15). By the theory of linear algebra, at least (n ¡ 9) independent
solutions for f s1, . . . , sn g exist, irrespectiveof the azimuth distribu-
tion of the repetitivesubstructure.The (n ¡ 9) independentsolutions
mean that, correspondingto the trial eigenvalue k k , (n ¡ 9) indepen-
dent modes for the whole structure have been obtained in the form
of expression(14), in which f s1, . . . , sn g is the independentsolution
of Eq. (15). This actually yields the ® rst conclusion with a = 9.

The results for a = 9 could also be re® ned to a = 3 in the case
where the azimuth of repetitivesubstructuresis orientedby rotation
around a ® xed axis. Without loss of generality, the third axis of the
global coordinate system could be taken as the axis around which
the repetitive substructures are oriented. Then the corresponding
equation (15) can be satis® ed with the solution for the following
equations:

n

Sr = 1

sr é
êë

cos n r sin n r 0

¡ sinn r cos n r 0

0 0 1

ù úû
= 0 (16a)

The matrix equation (16a) is essentiallysolved with the solution for
the following three independent equations:
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= 0 (16b)

By the theory of linear algebra, the number of solutions for Eq.
(16b) is at least (n ¡ 3), and so we arrive at the following con-
clusion: if the considered repetitive substructures are oriented by
rotations around a ® xed axis, correspondingto every ® xed interface
mode of the repetitive substructure, the whole structure has (n ¡ 3)
independent mode shapes in form of expression (14), which are
combinations of the mode of the repetitive substructure associated
with the eigenvalue k k .

2) For simple eigenvaluesand nondefectivemultiple eigenvalues
of the repetitive substructure, the second conclusion to be proved

is actually obtained with the ® rst conclusion; i.e., the (n ¡ a ) rep-
etition of the eigenvalues in the whole structure is a byproduct of
the (n ¡ a ) dimensional invariant subspace associatedwith the trial
interface ® xed eigenvalue and corresponding mode of the repet-
itive substructure. The proof would be ® nished if the conclusion
could be drawn for defective multiple eigenvalues of the repetitive
substructure. Supposing k k is a defective eigenvalue of the repeti-
tive substructure;the correspondingJordanblockand the associated
principalvectormatrix9 are denotedas Jk and Qk , respectively.With
the (n ¡ a ) independentsolutions f s1, . . . , sn g of Eq. (15),we obtain
(n-a ) independent ÄYm (m = 1, . . . , a ) in the form of

ÄYm =

ìïïïïïï
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ïïïïïïî

s1 Q J
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sn Q J
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which satisfy the following equation:

ÄA{ ÄY1 ¢ ¢ ¢ ÄY(n ¡ a )}= ÄB{ ÄY1 ¢ ¢ ¢ ÄY(n ¡ a )} é
ë

Jk
. . .

Jk

ù
û
(18)

Equation (18) means that the Jordan block Jk is repeated (n ¡ a )
times in the Jordan form of the whole system, and so we arrive at
the second conclusion.

Physicalaspectsof the modes associatedwith the (n ¡ a ) multiple
eigenvaluescan be observedwith expression (14). 1) The nonrepet-
itive substructure and the common interface of the repetitive sub-
structures remain undisturbed in these modes. The ® xed interface
eigenvalues of the repetitive substructures appearing as the eigen-
values of the whole structure are simply the result of the interface
remaining ® xed in these modes. 2) These modes are actually those
combinationsof the ® xed interfacemode of each repetitivesubstruc-
ture,which resultsin an equilibriumwith the repetitivesubstructures
only. The multiplicity (n ¡ a ) is a measure of how many ways the
repetitive substructures can equalize themselves.

Theorem 1 and the Proof indicate that the multiple eigenvalues
arising from the repetition of the substructure remain nondefective
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provided that the corresponding eigenvalues of the repetitive sub-
structure were not defective. The Jordan blocks of the repetitive
substructureare only repeatedas simple eigenvaluesbeing repeated
without introducingnew defectivenessto the eigenvalueproblemof
the whole structure.

Numerical Examples
Example 1: Rotating Rotary Wing Models

The systems were studied in the noninertial coordinate systems
that are ® xed on the rotating rotary wing models, and so the result-
ing eigenvalue problems are gyroscopic eigenvalue problems due
to the presence of the Coriolis forces. The computed frequencies
for the single blade and the four, six, and nine isotropically dis-
tributed bladed rotary wing models are described in Tables 1, 2, 3,
and 4, respectively. From the boldfaced frequencies in the tables,
each frequencyof the singleblade is, respectively,one, three, and six
multiple eigenvaluesof the four-, six-, and nine-bladedrotary wing
model,whichcompletelyagreeswith the obtainedanalyticalresults.
The computed results for two rotating rotary wing models with six
nonisotropically distributed blades (Figs. 4a and 4b) are shown in
Tables 5 and 6. In the latter model, there was also a pitched angle

Table 1 First four frequencies of the blade
with its root being ® xed

Frequency, rad/s

80.3691 494.746 1230.09 1998.03

Table 2 First 16 frequencies of the four-bladed
rotary wing model

Frequency, rad/s

80.3485 80.3485 80.3672 80.3691
494.684 494.684 494.735 494.746
1229.91 1229.91 1230.04 1230.09
1477.94 1957.26 1973.66 1998.04

Table 3 First 24 frequencies of the six-bladed
rotary wing model

Frequency, rad/s

80.3382 80.3383 80.3663 80.3691
80.3691 80.3691 494.653 494.653
494.730 494.746 494.746 494.746
1229.81 1229.82 1230.01 1230.09
1230.09 1230.09 1333.40 1935.46
1960.67 1998.04 1998.04 1998.04

Table 4 First 36 frequencies of the nine-bladed
rotary wing model

Frequency, rad/s

80.3228 80.3228 80.3649 80.3691
80.3691 80.3691 80.3691 80.3691
80.3691 494.605 494.607 494.723
494.746 494.746 494.746 494.746
494.746 494.746 1178.66 1229.66
1229.68 1229.97 1230.09 1230.09
1230.09 1230.09 1230.09 1230.09
1901.15 1940.21 1998.04 1998.04
1998.04 1998.04 1998.04 1998.04

Table 5 First 24 frequencies of the six-bladed
(nonisotropic) model

Frequency, rad/s

80.0162 80.0992 80.3458 80.3691
80.3691 80.3691 493.579 493.869
494.620 494.746 494.746 494.746
539.375 1219.47 1225.43 1229.41
1230.09 1230.09 1230.09 1337.40
1546.17 1998.04 1998.04 1998.04

Table 6 First 24 frequencies of the six-bladed
(nonisotropic, ¯ = 30 deg) model

Frequency, rad/s

79.9172 80.1290 80.3162 80.3691
80.3691 80.3691 492.901 493.973
494.514 494.746 494.746 494.746
561.884 1216.33 1226.00 1229.26
1230.09 1230.09 1230.09 1425.84
1634.78 1998.04 1998.04 1998.04

Table 7 Frequencies of the single repetitive substructure
with ® xed interface

Frequency, rad/s

0.313532 1.82593 4.18062 4.96736 9.04258

Table 8 First 40 eigenfrequencies of the whole structure

Frequency, rad/s

0.049878 0.068221 0.105353 0.313532 0.313532
0.313532 0.313532 0.313532 0.313532 0.313532
0.313532 0.313532 0.313532 0.313532 0.313532
0.313532 0.321168 0.324065 0.404079 0.717778
0.725019 1.22493 1.82593 1.82593 1.82593
1.82593 1.82593 1.82593 1.82593 1.82593
1.82593 1.82593 1.82593 1.82593 1.82593
1.98248 1.99341 1.99577 3.72978 4.18062

Fig. 4a Model with nonisotropically distributed blades.

Fig. 4b Model with pitched nonisotropically distributed blades.

b = 30 deg, and the rotatingof the rotarywingwas aroundthedirec-
tion that is pitched from the original shaft axis. From the boldfaced
frequencies in Tables 5 and 6, each frequency of the single blade
appearsas three multiple eigenvaluesof rotarywing models with six
nonisotropically distributed blades, which completely agrees with
the analytical results. The azimuthal angles of the blades were 0,
45, 105, 120, 240, and 320 deg.

Blade material and section parameters were E = 2.1 £
1011 Pa, m = 0.3, Jy = 1.167 £ 10¡ 11 m4, Jz = 1.167 £ 10¡ 8 m4,
q l = 1.13 £ 10 ¡ 1 kg/m, and A = 2.231 £ 10¡ 5 m2 . Shaft material
and section parameterswere E = 2.1 £ 1012 Pa, m = 0.3, Jy = Jz =
1.167 £ 10¡ 8 m4 , q l = 1.13 £ 10 ¡ 1 kg/m, and A = 2.231 £ 10¡ 5 m2.
The length of the blade and the shaft were, respectively, 0.508 and
0.2 m. Five uniform beam elements were used for the discretization
of the blade, and two elements were used for the shaft. Rotating
speed was X = 1200 rpm.

There were also examples on damped gyroscopic eigenvalue
problems by Zheng and Ren10 and Ren,11 the results of which agree
with the analytical results in this paper.
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Fig. 5a Repetitive
substructure of the
antenna model.

Fig. 5b Nonrepetitive substructure of the antenna model.

Fig. 6 Fountain model.

Fig. 7 Repetitive substructure of the fountain model.

Example 2: An Antenna Model
Figure 2 shows an antenna model, the dimensions of which are

shown in Figs. 5a and 5b. All of the beam members in the structure
have the same material and section properties: E = 2.1 £ 1011 Pa,
m = 0.3, q = 7800kg/m3, A = 0.09 m2 , and Jy = Jz =
2.5 £ 10¡ 9 m4 . The numerical results by subspace iteration for the
eigenfrequenciesof the single repetitive substructureand the whole
structure are shown in Tables 7 and 8. There were 16 repetitive
substructures in the model that are distributed around an axis. This
model satis® es the conditions for the (n ¡ 3) multiple eigenvalues
in Theorem 1. From the boldfaced frequencies in Table 8, the fre-
quencies of the single repetitive structure do appear as 13 multiple
eigenvalues of the whole structure.

Table 9 First 23 frequencies of the fountain model

Frequency, rad/s

0.00576174 0.00576184 0.0174299 0.0381241
0.0381241 0.164308 0.164308 0.225159
0.225159 0.225159 0.225159 0.225159
0.225159 0.225159 0.225160 0.225160
0.225160 0.225160 0.225160 0.225160
0.225495 0.225763 0.226071 0.226364
0.226646 2.27001 2.27001 2.27001
2.27001 2.27001 2.27001 2.27001
2.27001 2.27001 2.27001 2.27001
2.27001 2.27001 2.32065 2.32067

Table 10 Frequencies of the repetitive
substructure with ® xed interface

Frequency, rad/s

0.225159 0.227001

Fig. 8a Generation of repetitive substructures in the fountain model.

Fig. 8b Nonrepetitive substructure
of the fountain model.

Example 3: Fountain Model

Figure 6 shows a fountain model. The repetitive substructure,
its 18 repetitions in the structure, and the ® nite element method
discretization are shown in Figs. 7, 8a, and 8b, respectively. The
computed eigen-frequencies for the fountain model and the repeti-
tive substructure (® xed interface) are described in Tables 9 and 10,
respectively. From the boldfaced frequencies in Table 9, each fre-
quency of the single repetitive substructure appeared, numerically,
as 13 multiple eigenvalues of the whole structure. The multiplic-
ity of the eigenvalues was obviously larger than the least value
9 = (18 ¡ 9) that is given in Theorem 1. The computed results
show that a = 9 is too conservative for the considered structure.
This is mainly because the DOFs of the common interface of the
repetitivesubstructuresare not con® ned in the proofof the theorem;
however, the DOF of the interface in the present example model is
only that for one beam node, i.e., six. If this condition is taken into
consideration, the least multiplicity for this example could be re-
® ned to (n ¡ 6) by reconsidering the proof for Theorem 1. Each
beam member in the computational model has the same material
and section parameters: E = 7 £ 1010 Pa, m = 0.3, q = 2700
kg/m3 , A = 0.001 m2, and Jy = Jz = 2.5 £ 10¡ 11 m4.
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Conclusion
In terms of the block structureof the synthesizedsystem matrices

by the dynamic substructure method, the fact that multiple eigen-
values stem from the class of repetitive substructures that share a
common interface has been found out analytically.The multiplicity
of the multiple eigenvalues turns out to depend on the azimuthal
distributionsof the repetitivesubstructures.Furthermore, such mul-
tiple eigenvalues arising from symmetry or repetition in geometry
of the structure do not introduce new defectiveness to the eigen-
value problemof the system, irrespectiveof whether the considered
system is undamped or damped, nongyroscopicor gyroscopic.The
symmetry or structure retaining property of the dynamic substruc-
ture method is an advantage over other raw reduction eigenvalue
methods, and it deserves further attention.
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